In this work, we aim to formalize the inception of representative bubbles giving the condition under which they may arise. We will find that representative bubbles may start at any time, depending on the definition of a behavioral component. This result is at odds with the theory of classic rational bubbles, which are those models that rely on the fulfillment of the transversality condition by which a bubble in a financial asset can arise just at its first trade. This means that a classic rational bubble (differently from our model) cannot follow a cycle since if a bubble exists, it will burst by definition and never arise again.
Introduction
In Diba and Grossman [1] (following the results of Tirole [2] ), it has been shown that a rational bubble rises only if it is already present at the first trading of a bubbly asset, that is: if a bubble does not blow at the first trade, it cannot rise at any subsequent time. Moreover, Giglio et al. [3] tested for the existence of rational bubbles in the housing market that preceded the turmoil of 2007: they found that there has not been a failure of the transversality condition, and then, rational bubbles can be ruled out as a culprit for overvalued houses. Furthermore, Strati [4] defined a behavioral model of the bubble that is able to consider over-optimism (respectively over-pessimism) in the market by taking into account a behavioral component that is neglected in the classic rational case, which can detect a growing bubble even in cases in which the transversality condition is fulfilled (that is, when the intertemporal equilibrium of prices is fulfilled). A key component of Strati [4] is that a bubble may arise because of an exogenous flow of positive news that overheats the perception of a so-called local thinker who is excessively sensitive to new information. In this paper, we aim to clarify the formal inception of this kind of behavioral bubble driven by the heuristic of representativeness (Kahneman and Tversky [5] , Kahneman and Tversky [6] , Tversky and Kahneman [7] , Tversky and Kahneman [8] ): the representative bubble (in financial economics, the application of non-Gaussian processes as the Ornstein-Uhlenbec, aiming at similar questions; see for example Issaka and SenGupta [9] ). We will find that a representative bubble may blow at any time; hence, it is at odds with the inception of a rational bubble as defined in Diba and Grossman [1] . In particular, the model takes into account homogeneous expectations and a shared euphoria among agents caused by a flow of positive news. These positive shocks, or displacements (Kindleberger [10] ), inflate the probability of an expected growth state: it is a diagnostic signal of their representativeness; thus, the expectations that follow from this heuristic are called diagnostic. The representative expected state inflates with respect to the rational expectations component, that is to say, diagnostic expectations exaggerate the direction of the path followed by the rational ones without changing the direction: diagnostic expectations are based upon a kernel of truth. These behavioral expectations are not adaptive in nature; they are forward-looking and thus immune to the Lucas critique. The heuristic of this kind of expectations has been examined by Kahneman and Tversky [5, 6] , and recently formalized in Gennaioli and Shleifer [11] . However, the representativeness heuristic can be defined in several ways (see Bordalo et al. [12] ); here, we follow the so-called representativeness-based discounting used in Bordalo et al. [13] and Strati [4] (see also [14] for an application to financial fragility in which the representativeness heuristic completely neglects downside risks).
The Inception and the Representativeness
In this section, we shall define the condition by which representative bubbles can inflate at any time: their inception is linked to the level of rationality of the agents. From Diba and Grossman [1] , it will be clear that for fully-rational agents, if a rational bubble does not exist at t ≥ 0, then that rational bubble can get started neither at t + 1, nor at any subsequent time (Diba and Grossman [1] ). However, this result of Diba and Grossman [1] is not true when agents are local thinkers, that is those agents whose expectations are driven by the heuristic of representativeness.
The Rational Case
Following Diba and Grossman [1] , we define a first order stochastic difference Equation (1) in y with a forcing variable x and a set of information I t , a set containing past realizations of both exogenous and endogenous variables up to current time t. We describe a rational asset-price bubble in the context of (linear) rational expectations E t [·] (the rational expectations of a variable of a model formed by an individual at time t are defined as the mathematical expectation conditional on the information set I t ), that is:
For the eigenvalue α > 1, Equation (1) is convergent; it can be solved by the forward-looking method (note: α = 1 1+r with r > 0, which can be thought of as an interest rate). In particular, by applying the law of iterated expectations, that is to say, by leading and taking expectations of (1):
we obtain:
taking into account that if T = 0, then the expectation at T = 0 coincides with x t and I t = I for every t ∈ {0, . . . , T}. The forward-looking solution, or fundamental solution, is the second term of the right-hand side of (2), and it is usually denoted by F t , that is:
The first term of the right-hand side of (2) is called the bubble component B t and from which is obtained the bubble solution. In order to have a unique solution of (1), the transversality condition on the bubble component should be imposed:
otherwise y t = F t , which would have been only one of the possible solutions of:
In this general case, B t is the solution of the stochastic difference equation:
for which:
Note that E t−j z t+1 = 0 for all j ≥ 0. From the latter property, Diba and Grossman [1] found a convincing result: a bubble cannot blow at t + i if it is not already present at t, at the inception. From Diba and Grossman [1] , the bubble component can be seen as an innovation comprising new information available at t + 1. The information encompassed in those changes of x t can affect y t directly or by modifying the information set I t = {x t , x t−1 , . . . }, hence affecting y t indirectly by the expectation term in (1) . The bubble component may not be connected with the fundamental information, and since the expected future values of z t+i are zero by definition of the rational model, then the new information of innovation seems not to be of any help in the assessment of a positive B t+1 .
From Equation (5), it follows that E t [B t+j | I t ] = α −j B t ; there is an explosive conditional expectation on the value of the bubble component for B t > 0, and E t [B t+j ] = ∞ for j → ∞ and 1/α > 1. However, if y t is a (asset) price, then by the free disposal of the Walrasian equilibrium, y t ≥ 0, the possibility of a negative rational bubble is ruled out. If the free disposal implies a nonnegativity for y t , then the bubble component of y t+1 must satisfy B t+1 ≥ 0. From Equation (6) and the nonnegativity condition:
Assuming that at t, B t = 0, since E t−j z t+1 = 0, then in this case, the probability of a z t+1 = 0 is equal to one. By Equation (6) , the bubble component is equal to the innovation brought about by z t+1 ; hence, if one is zero, the other must be zero: if a bubble exists, it must exist from the inception. Another property follows from the transversality condition of Equation (4), that is: if there is a departure from the optimal path of y t+i and thus a failure of the transversality condition (4), then from the rational expectations equilibrium, arbitrageurs adjust the inflated value of y t+i at once, using up the positive bubble component.
A Brief Digression: The Representativeness
In this section, we shall review the meaning of the heuristic that causes errors in the formation of the agents's expectations, the representativeness heuristic. These biased expectations will be defined as diagnostic expectations.
In Kahneman and Tversky [6] , the representativeness is defined as "an assessment of the degree of the correspondence between a sample and a population. . . , more generally, between an outcome and a model". In other words: "A person who follows this heuristic evaluates the probability of an uncertain event, or a sample, by the degree to which it is: (i) similar in essential properties to its parent population; and (ii) reflects the salient features of the process by which it is generated" (Kahneman and Tversky [5] ). For a distribution of a trait T in a group Γ, a decision maker (DM) will assess the relative frequency of a particular trait T = t in Γ with respect to the frequency of the same trait T = t in a relevant comparison group Γ c . The true distribution is Pr(T = t | Γ). The heuristic of representativeness R(·) has been formalized in Gennaioli and Shleifer [11] and Bordalo et al. [12] ; in particular, from Gennaioli and Shleifer [11] , the representativeness can be modeled as follows:
It is plain that representativeness defines the inflation of the likelihood of traits whose objective probability rises the most in Γ relative to the reference context Γ c (Bordalo et al. [13] ). Let us show how this formalization modifies expectations.
Diagnostic Expectations
There is a discrete time t = 1, 2, .
Assumption 1.
There is a prior probability π k with k = {g, r} for which π g > π r .
Denote a generic state space Ω in which ω is a realization. In particular, the state of the economy is a random variable Ω t . Define by (Ω t+1 = ω t+1 ) the realization of the state ω t+1 at t + 1. If (Ω t+1 = ω t+1 | Ω t = ω t ) then it is intended that the realization ω t+1 at t + 1 hinges on the occurrence of the state ω t at t. Now, suppose that there exists a smooth density function f (·) for which in a Bayesian framework:
is the rational cumulative distribution of the probability that the state ω t+1 is a growth state. Define Γ ≡ {Ω t = ω t } as the group that depicts all the possible future states ω t+1 whose values depend on the current state Ω t = ω t . Moreover, define its comparison group Γ c ≡ Ω \ Γ. As in Bordalo et al. [13] , the comparison group may be defined as the rational expectation formed at t − 1 for ω t+1 in which no new pieces of information occur, that is Γ c ≡ {Ω t = E t−1 (ω t )} (it is the background context, the state prevailing if there is no news).
Definition 1.
The representativeness of a state ω t at t for a group Γ is defined as:
In particular, following Bordalo et al. [13] and Strati [4] , the representativeness is set up by considering a mental process that formalizes the similarity between group Γ ≡ {Ω t = ω t } and the comparison group, by considering a limited and selective retrieval from memory: how scenarios become accessible from memory. They come to mind following an order dictated by their representativeness rather than by their probability. This mental process is formalized as follows:
note that 1/Z is a normalizing constant that assures the integrability to be one of (10). In short, from Equation (10), outcomes are ordered by the degree to which they are representative of specific evidence; the statistical theory of prediction is not fully considered. The model detects this confusion between likelihood and representativeness that leads agents to erroneously predict future events.
The Representative Case
In this section, we enrich the model of rational bubbles by considering diagnostic expectations. From the reasoning on the inception of rational bubbles, some conclusions can be stated: a rational bubble is present from the inception of a trade, and when it bursts, it cannot arise again in the same asset. Moreover, a bubble component can be positive just for a very short span of time. However, from the bubble defined in Strati [4] , these conclusions should be revised.
Define Equation (1) in the following way:
in which E d t [·] is the diagnostic expectation from which the representative density function (10) is explicitly defined as a normal distribution:
such that, by exploiting the exponential property:
Moreover, since:
we rewrite Equation (12) as:
In this linear environment, it is plain how the heuristic of representativeness causes an exaggeration in the judgment based on rational expectations, that is:
in which θ shifts the (Gaussian) rational distribution to the right. Since the rational (Gaussian) distribution remains the feasible one for the market, then this shift causes a neglection of the tail risk encompassed in the (Gaussian) rational distribution and over-optimism: good news causes neglect of downside risks and an increasing optimism. In Strati [4] , it has been shown that for positive shocks to fundamentals, the so-called displacements (see Kindleberger [10] ), there is an excess of volatility that brings about a positive forecast error that, since it is not orthogonal to the information available at the time of the forecast, triggers the presence of a positive component directly into the fundamental solution. This result tells us that there is no need for a positive bubble component: a representative bubble (driven by representativeness) overvaluation anyway. Let us see this reasoning formally.
Diagnostic Expectations: Extrapolation and Neglect
The excess volatility is justified by the fact that rational expectations are distorted towards the direction of realized news (see Greenwood and Shleifer [15] for empirical results). Positive news can cause over-optimistic expectations (vice versa for negative news). Consider the cumulative distribution:
that describes the probability that positive news continues to hit the model. Note that for a contingent current value y t :
This is important because one can show that positive news is extrapolated to the next future date. We need to follow two steps:
(i) the first term on the right-hand side is:
that is to say:
(ii) as for the second term, assume normal densities and an autoregressive model of order one, AR (1) for E t (y t+1 ) = a + by t , rewriting (13) in these terms, then:
It follows that:
From Equations (15) and (16), an over-optimistic behavior is driven by θ (the extent of the representativeness) that triggers an excess of volatility detected by the variance:
that in turn, taking into account Equation (13), sets off a positive predictable error:
Since past values of y affect the formation of the current expectations, then the orthogonality condition is violated due to the extrapolation of past good news. Moreover, the negative term of the error is justified by the fact that an ex-ante overvaluation is symptomatic of a future fall of the value (see for example Baron and Xiong [16] or Gennaiolo et al. [17] ).
The Representative Bubble
As for the rational case, let us find a forward solution (now) for Equation (11) , that is:
Since we are interested in the case in which a bubble exists also in the case of a zero bubble component, consider that the transversality condition is fulfilled, and thus, even for a θ > 0, Equation (13) tends to zero due to the free disposal on t − 1.
From Assumption 2, it follows that:
Differently from Equation (3), in Equation (19), expectations are assumed to be diagnostic. In particular, agents are over-sensitive to positive news that hits fundamentals (displacements). This biased sensitivity causes an overconfidence among agents that in turn triggers both a neglection of downside risks and a positive predictable error due to the extrapolative nature of these expectations. By implicitly assuming that the feasible path is that which follows rational expectations, the difference between the path driven by representativeness and that of the rational one suggests that for Equation (19), the reasoning behind the forward solution has to be different. It is now clear that the fundamental value of Equation (19) is biased by a positive error. This error, as we stated, derives from the excess of volatility of (17) ; that is:
that, from Equation (13), can be rewritten as:
where d is the error in expectations caused by diagnostic expectations. The solution of Equation (19) is thus:
with d t > 0, that is y t = F t + d t . In Strati [4] , it has been shown that for a homogeneous euphoria of the market, which can be not detected by rational bubbles (due to the transversality condition on B t ), there can exist a bubble driven by representativeness.
When Does It Start?
Differently from the rational case, if a bubble is representative, that bubble can start (respectively burst) at any time, depending on both the persistence and sensitivity of the agents's expectations to positive (respectively negative) shocks. The level of rationality of the agents is thus crucial for the inception of a bubble that does not always coincide with the first trade of an asset. Moreover, the parameter θ can either increase or decrease with respect to the institutions in which agents operate, or with respect to how and what comes to mind when they make a decision.
Proposition 1.
A bubble driven by representativeness can arise in the related environment at any t ≥ 0.
Proof. By Assumption 2, it is plain that the bubble component is zero even if θ > 0. The fundamental solution brings about a positive expected error d because of the excess volatility and the subsequent positive predictable error. Since it is assumed that a positive shock hits the model, by Equation (16) , agents overreact to positive shocks to fundamentals causing the strict positivity of d . Since θ > 0, Equation (21) is fulfilled: y t > F t by the strictly positive error in expectations.
Remark 1.
The representative bubble is caused by a limited rationality of the agents for every credible shock that hits agents's beliefs and that can occur at any t ≥ 0.
Conclusions
In this work, we showed that representative bubbles may blow at any time and with no restrictions. The implications are thus the followings:
From Proposition 1, a representative bubble can start at any time due to displacements that follow from extrapolative expectations and neglect of tail risks. In short, from diagnostic expectations; -As rational bubbles, the representative dynamics cannot be negative due to the free disposal; -Following Proposition 1, representative bubbles can arise, burst at zero and then grow again in the same asset; -A representative bubble is not dependent on the failure of the transversality condition; hence, it can be persistent and distorted.
This work considers just homogeneous expectations among agents. An improvement should be made towards models provided with heterogeneous expectations so as to study how rational agents can react to the presence of local thinkers.
